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Abstract
In this paper, we first establish the fundamental framework of multiresolution on local field in
wavelet analysis. Accurately, orthonormal systems consisting of integer translations {φ(·−u(k))}k∈P
of a single function φ ∈ L2(K) are characterized (Theorems 1 and 2), the concept of multiresolution
analysis on local field (Definition 3) and construction of corresponding wavelet vectors (Theorem 3)
are given. The definition of integral periodicity of a function on local field (Definition 4) is also
given. An example is finally presented.
 2004 Elsevier Inc. All rights reserved.
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Wavelets comprise the family of translations and dilations of a single function called
mother wavelet. The name is due to the fact that every wavelet has to have at least some
oscillations, that it is localized. Wavelets were introduced relatively recently, in the begin-
ning of the 1980s. They attracted considerable interest from the mathematical community
and from members of many diverse disciplines in which wavelets had promising appli-
cations. A consequence of this interest is the appearance of several books on this subject
[1–9] and large volume of research articles (we only list following several essential papers:
[10–15]). There are at least two approaches to wavelet analysis. The first is the interpreta-
tion of the wavelet transform as a time–frequency analysis tool. The second approach uses
the wavelet analysis as a mathematical microscope. The second approach is closely linked
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524 H. Jiang et al. / J. Math. Anal. Appl. 294 (2004) 523–532to harmonic analysis and approximation theory. This approach is used to study the mul-
tiresolution analysis on local field with construction of the corresponding wavelet vectors.
In Rn, there has been a large and rapid development of the theory of wavelet analy-
sis. As for other abstract spaces, there are also some results, for example, S. Dahlke
introduced multiresolution analysis and wavelets on locally compact Abelian groups [16],
M. Holschneider gave wavelet analysis over Abelian groups [17], M. Papadakis developed
the multiresolution analysis of abstract Hilbert spaces [18], K. Mokni and K. Trimeche
considered wavelet transform on compact Gelfand pairs [19], and so on. Our interest is on
local fields. It is known that a local field has the same algebraic structure as the real number
field and complex number field. But their topologies are different. Any local field is totally
disconnected, and is of the geometrical structure of a tree. The Fourier analysis on local
fields has widely studied [20]. But variant of wavelet on local fields is not yet appeared.
So we attempt to establish wavelet analysis on local fields. The aim of the paper is to give
concrete formulas for the wavelet vectors associated with a multiresolution analysis on the
local fields of characteristic p. Accurately, we give characterizations of orthonormal sys-
tems consisting of integer translations {φ(· − u(k))}k∈P of a single function φ ∈ L2(K),
the concept of multiresolution analysis on local field and construction of corresponding
wavelet vectors. An example is also presented.
The article is divided into three sections. In Section 1, we introduce some notations
and auxiliary conclusions of local field to be used throughout the paper. The concept of
multiresolution analysis on local field and construction of corresponding wavelet vectors
will be given in Section 2. We conclude the paper with an example.
1. Some notations of local fields
In this section, we list some notations of local fields to be used throughout the paper.
More details are refer to [20].
1.1. A local field means an algebraic field and a topological space with the topological
properties of locally compact, non-discrete, complete and totally disconnected, denoted
by K . The additive and multiplicative groups of K are denoted by K+ and K∗, respec-
tively. We may choose a Haar measure dx for K+. If α = 0 (α ∈ K), then d(αx) is also
a Haar measure. Let d(αx) = |α|dx and call |α| the absolute value or valuation of α. Let
|0| = 0. The absolute value has the following properties:
(i) |x| 0 and |x| = 0 if and only if x = 0;
(ii) |xy| = |x||y|;
(iii) |x + y|max(|x|, |y|).
The last one of these properties is called the ultrametric inequality.
1.2. O = {x ∈ K: |x| 1} is the ring of integers in K .
1.3. P = {x ∈ K: |x|< 1}. P is the unique maximal ideal in O.
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1.5. For E a measurable subset of K , let |E| = ∫K ξE(x) dx , where ξE is the character-
istic function of E and dx is a Haar measure normalized, so |O| = 1.
• |P| = q−1, |p| = q−1.
• If x ∈ K and x = 0, then |x| = qk for some k ∈ Z.
1.6. Set O∗ = O \ P = {x ∈ K: |x| = 1}.
• O∗ is the group of units in K∗.
• If x = 0, then we may write x = pkx ′ with x ′ ∈ O∗.
1.7. Denote Pk = pkO = {x ∈ K: |x| q−k} (k ∈ Z).
1.8. Let U = {ai}q−1i=0 be any fixed full set of coset representatives of P in O.
• If x ∈ Pk (k ∈ Z), then x can be expressed uniquely as x =∑+∞l=k clpl with cl ∈ U .
1.9. In the sequel, χ is a fixed character on K+ that is trivial on O but is non-trivial
on P−1. It follows that χ is constant on cosets of O and that if y ∈ Pk , then χy (χy(x) =
χ(yx)) is constant on cosets of P−k .
Definition 1. If f ∈ L1(K), then the Fourier transform of f is the function fˆ defined by
fˆ (y) =
∫
K
f (x)χy(x)dx =
∫
K
f (x)χ(−yx) dx. (1)
We now proceed to impose a “natural” order on the sequence {u(n)}∞n=0.
We recall P is the prime ideal in O, O/P ∼= GF(q) = Γ , q = pc , p a prime, c a positive
integer and ρ :O → Γ the canonical homomorphism of O on to Γ . Note that Γ = GF(q)
is a c-dimensional vector space over GF(p) ⊂ Γ . We choose a set {1 = 0, . . . , c−1} ⊂ O∗
such that {ρ(k)}c−1k=0 is a basis of GF(q) over GF(p).
Definition 2. For n, 0  n < q , n = a0 + a1p + · · · + ac−1pc−1, 0  ak < p and k =
0, . . . , c − 1, we define
u(n) = (a0 + a11 + · · · + ac−1c−1)p−1 (0 n < q). (2)
For n = b0 + b1q + · · · + bsqs , 0 bk < q , n 0, we set
u(n) = u(b0)+ p−1u(b1)+ · · · + p−su(bs).
Note that for n,m 0, it is not true that u(n + m) = u(n) + u(m). However, it is true
that for all r, k  0, u(rqk) = p−ku(r), and for r, k  0, 0 t < qk , u(rqk + t) = u(rqk)+
u(t) = p−ku(r)+ u(t).
Hereafter we will denote χu(n) by χn (n 0).
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As on Rn, the construction of wavelets on local fields can be done using multiresolution
analysis. Thus, we give definition of multiresolution analysis on local fields as follows.
Definition 3. Let K be a local field, p be the prime element of K , P = {0,1,2, . . .}, and
u(n) ∈ K for n ∈ P be defined as (2) in the previous section. A multiresolution analysis
(abbreviated MRA) of L2(K) consists of a sequence of closed subspaces Vj (j ∈ Z) of
L2(K) satisfying
(1) Vj ⊂ Vj+1;
(2) ⋃j∈Z Vj = L2(K);
(3) ⋂j∈Z Vj = {0};
(4) f (x) ∈ Vj if and only if f (p−1x) ∈ Vj+1;
(5) There is a function φ(x) ∈ V0 such that {φ(x − u(k))}k∈P is an orthonormal basis (or
Riesz basis) for V0. The function φ whose existence is asserted in above definition is
called a scaling function of the given MRA.
For every j ∈ Z, define Wj to be the orthogonal complement of Vj in Vj+1. Then we have
Vj+1 = Vj ⊕ Wj and Wk ⊥ Wl if k = l. (3)
It follows that for j > J ,
Vj = VJ ⊕
j−J−1⊕
k=0
Wj−k, (4)
where all these subspaces are orthogonal. By virtue of (2) and (3) in the Definition 3, this
implies
L2(K) =
⊕
j∈Z
Wj , (5)
a decomposition of L2(K) into mutually orthogonal subspaces.
In the following, our task is to find finite wavelet functions ψm ∈ W0 such that
{qj/2ψm(p−j x −u(k))}k∈P,m constitutes an orthonormal basis of Wj . By means of MRA,
this task can be reduce to find ψm ∈ W0 such that {ψm(x − u(k))}k∈P,m constitutes an
orthonormal basis of W0. For sake of technique, in what follows, we can only do this for
the local fields of characteristic p.
Let g be a function defined on K . For all j ∈ Z and k ∈P , we set
gj,k(x) = qj/2g
(
p−j x − u(k)). (6)
Proposition 1. If g ∈ L2(K) with ‖g‖2 = 1, then ‖gj,k‖2 = 1 for all j ∈ Z and k ∈ P .
Proof. It is not hard to prove this proposition, we omit it. 
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an orthonormal basis in V1, we have
φ =
∑
k∈P
hkφ1,k (7)
with
hk = 〈φ,φ1,k〉 =
∫
K
√
qφ(x)φ
(
p−1x − u(k))dx and ∑
k∈P
|hk|2 = 1. (8)
We can rewrite (7) as either
φ(x) = √q
∞∑
k=0
hkφ
(
p−1x − u(k)) (9)
or
φˆ(ξ) = 1√
q
∞∑
k=0
hkχk(pξ)φˆ(pξ) a.e., (10)
where convergence in either sum holds in L2-sense. Formula (10) can be rewritten as
φˆ(ξ) = m0(pξ)φˆ(pξ) a.e., (11)
where
m0(ξ) = 1√
q
∞∑
k=0
hkχk(ξ). (12)
Let f ∈ W0, this is equivalent to f ∈ V1 and f ⊥ V0. Since f ∈ V1, we have
f (x) =
∞∑
k=0
fkφ1,k(x) =
∞∑
k=0
√
qfkφ
(
p−1x − u(k)),
where fk = 〈f,φ1,k〉. This implies
fˆ (ξ) = 1√
q
∞∑
k=0
fkχk(pξ)φˆ(pξ) = mf (pξ)φˆ(pξ), (13)
where
mf (ξ) = 1√
q
∞∑
k=0
fkχk(ξ). (14)
The convergence in (14) holds point-wise a.e.
In the sequel we assume that K is a local field of finite characteristic p, and assign a
mother character χ on K as follows: Write x ∈ K as x = x0 +∑nk=1 akp−k , x0 ∈ O and
ak ∈ U . Define
χ
(
pk
)=
{
ei2π/p, k = −1,
1, k < −1, χ(x0) = 1. (15)
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Proof. By definition, χk(u(l)) = χ(u(k)u(l)). It is obvious that χ(u(k)u(l)) = 1 when
either k or l is zero. For k  1 and l  1, we can write u(k), u(l) and then u(k)u(l) as
u(k) =
nk∑
i=1
aip
−i , u(l) =
nl∑
i=1
bip
−i , and u(k)u(l) =
nk+nl∑
i=2
cip
−i .
Hence by the definition of χ and (15), we get χ(u(k)u(l)) = 1, i.e., χk(u(l)) = 1. This
completes the proof. 
Definition 4. We call a function f defined on K integral-periodic if f (x + u(l)) = f (x)
for all l ∈P .
Proposition 3. m0 and mf defined in (12) and (14) are both integral-periodic functions on
K and in L2(O).
Proof. By Proposition 2, χk(ξ +u(l)) = χk(ξ)χk(u(l)) = χk(ξ) for all l, k ∈ P , so that χk
is an integral-periodic function on K . Consequently, m0 and mf are both integral-periodic
functions. Since {χk(·)}∞k=0 is a complete orthonormal basis over O,
∑∞
k=0 |hk|2 = 1 and∑∞
k=0 |fk|2 < ∞, we immediately obtain that m0 and mf are both in L2(O). The proof is
complete. 
Theorem 1. The necessary and sufficiently condition to constitute an orthonormal system
by {φ(· − u(k))}k∈P is as follows:
∞∑
k=0
∣∣φˆ(ξ + u(k))∣∣2 = 1 a.e. (16)
Proof. For k ∈ P , we have, from the orthonormality of the φ(· − u(k)) and the Parseval
formula on K ,
δk,0 =
∫
K
φ
(
x − u(k))φ¯(x) dx =
∫
K
∣∣φˆ(ξ)∣∣2χ¯k(ξ) dξ. (17)
Splitting the integral into over every cosets of O in K , we deduce from Proposition 2 that
δk,0 =
∫
O
∞∑
l=0
∣∣φˆ(ξ + u(l))∣∣2χk(ξ) dξ. (18)
Since {χk(·)}∞k=0 is a complete orthonormal basis over O, formula (18) implies that (16)
holds. This completes the proof. 
Theorem 2. If φ ∈ V0 is a scaling function such that {φ(· − u(k))}k∈P is an orthonormal
basis for V0, then m0(ξ) in (12) satisfies
∣∣m0(pξ)∣∣2 +
q−1∑∣∣m0(pξ + pu(l))∣∣2 = 1 a.e., (19)
l=1
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Proof. Substituting (11) into (16) leads to
∞∑
l=0
∣∣m0(pξ + pu(l))∣∣2∣∣φˆ(pξ + pu(l))∣∣2 = 1.
Splitting the sum into q parts and using the integral-periodic property of m0 (Proposi-
tion 3), we deduce that
1 =
q−1∑
l1=0
∞∑
l2=0
∣∣m0(pξ + pu(l1)+ pu(l2q))∣∣2∣∣φˆ(pξ + pu(l1)+ pu(l2q))∣∣2
=
q−1∑
l1=0
∣∣m0(pξ + pu(l1))∣∣2
∞∑
l2=0
∣∣φˆ(pξ + pu(l1) + u(l2))∣∣2.
Applying (16) we obtain (19). The proof is complete. 
Lemma 1. If f ∈ W0 , then mf (ξ) defined in (14) satisfies
mf (pξ)m0(pξ)+
q−1∑
l=1
mf
(
pξ + pu(l))m0(pξ + pu(l))= 0. (20)
Proof. f ∈ W0 implies f ⊥ φ0,k for all k ∈P , i.e.,∫
K
f (x)φ
(
x − u(k))dx =
∫
K
fˆ (ξ)φˆ(ξ)χk(ξ) dξ = 0
or ∫
O
∞∑
l=0
fˆ
(
ξ + u(l))φˆ(ξ + u(l))χk(u(l))χk(ξ) dξ = 0.
Hence
∞∑
l=0
fˆ
(
ξ + u(l))φˆ(ξ + u(l))= 0 a.e., (21)
since χk(u(l)) ≡ 1 for all k, l ∈P and {χk(·)}∞k=0 is a complete basis over O. We observe
FN(ξ) =
N∑
l=0
∣∣fˆ (ξ + u(l))∣∣∣∣φˆ(ξ + u(l))∣∣

√√√√ N∑∣∣fˆ (ξ + u(l))∣∣2
√√√√ N∑∣∣φˆ(ξ + u(l))∣∣2 
√√√√ ∞∑∣∣fˆ (ξ + u(l))∣∣2.
l=0 l=0 l=0
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quently, FN(·) converges in L1(O). This means that the series in (21) converges absolutely
in L1(O), so that we are allowed to split the sum in (21) into q parts, and as (19) shows,
using (14) we have
mf (pξ)m0(pξ)+
q−1∑
l=1
mf
(
pξ + pu(l))m0(pξ + pu(l))= 0.
This is just (20). The proof is complete. 
Theorem 3. Assume that K is a local field with characteristic of p, p a prime. If a lad-
der of closed subspaces {Vj }j∈Z on L2(K) satisfies the conditions (1)–(5) in Definition 3
and there are integral-periodic functions ml , where l ∈D1 = {1, . . . , q − 1}, such that the
matrix
M(ξ) = [mk1(pξ + pu(k2))]q−1k1,k2=0 (22)
is unitary, then there exists an orthonormal wavelet basis {ψl,j,k}j∈Z, k∈P, l∈D1 for L2(K),
where
ψˆl(ξ) = ml(pξ)φˆ(pξ) (23)
with l ∈D1 and m0 as defined by (12).
Proof. By (23), ψl ∈ V1 (l ∈D1). Set ψ0 = φ, then we derive from (11) and (23) that for
s, t = 0, . . . , q − 1 and k ∈ P ,
〈
ψs
(· − u(k)),ψt 〉
=
∫
O
+∞∑
n=0
ψˆs
(
ξ + u(n))ψˆt (ξ + u(n))χk(ξ) dξ
=
∫
O
q−1∑
ν=0
ms
(
pξ + pu(ν))m¯t(pξ + pu(ν))
+∞∑
n=0
∣∣φˆ(pξ + pu(ν)+ u(n))∣∣2χk(ξ)dξ.
(24)
It follows from (16), (22) and (24) that〈
ψs
(· − u(k)),ψt 〉= δs,tδk,0. (25)
The formula (25) shows that {ψs(x −u(k))}s=0,...,q−1,k∈P is an orthonormal system in V1,
this implies {ψl(x − u(k))}l∈D1,k∈P ⊂ W0.
Now we prove that {ψl(x − u(k))}l∈D1,k∈P is an orthonormal basis for W0. It is suffi-
cient to verify that {ψs(x − u(k))}s=0,...,q−1,k∈P is an orthonormal basis for V1. We have
known that {ψs(x − u(k))}s=0,...,q−1,k∈P is an orthonormal system in V1. Suppose that it
is not a basis for V1, then we can take a function, call it ψq , in V1 such that
ψq ⊥
{
ψs
(
x − u(k))} . (26)s=0,...,q−1,k∈P
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ψˆq (ξ) = mq(pξ)φˆ(pξ). (27)
We can see from the proof procedure of Lemma 1, (26) and (27) that for s = 0, . . . , q − 1,
q−1∑
ν=0
ms
(
pξ + pu(ν))mq(pξ + pu(ν))= 0. (28)
It follows from (22) and (28) that there exist (q + 1) orthogonal vectors
ms
(
pξ + pu(0)), . . . ,ms(pξ + pu(q − 1)) (s = 0, . . . , q)
in Cq , which is impossible.
So, by (5), {ψl,j,k}j∈Z, k∈P, l∈D1 is an orthonormal wavelet basis for L2(K). This com-
pletes the proof of Theorem 3. 
Remark. What is presented above is about orthogonal basis of wavelets in L2(K). Con-
siderable work has already been done on biorthogonal basis of wavelets in L2(R), wavelet
packets, etc. A further research in the context of wavelets on local fields is needed.
3. An example
In this subsection, we will consider an example of MRA on the local field K , associate
with the prime element p. The scaling function and wavelet functions will be determined.
At first we fix a special function φ on K such that φ(x) = 1 if x ∈ O and vanish else-
where. Set a sequence of closed subspaces Vj (j ∈ Z) of L2(K) by
Vj = Span
{
φ
(
p−j x − u(k)): k ∈P}.
Then {Vj }j∈Z is just the set of L2(K) consists of functions which are constant on each set
x + pjO and satisfies (1)–(5) in Definition 3. Thus we can conclude that {Vj } is an MRA
of L2(K) with scaling function φ. As φ is just the characteristic function of O, so we call
this MRA the Haar type MRA on the local field K .
Now we turn to consider the wavelet functions of this MRA. It is easy to see that
φ(x) =
q−1∑
k=0
φ
(
p−1x − u(k))=
q−1∑
k=0
1√
q
φ1,k(x).
Thus
φˆ(ξ) = 1
q
q−1∑
k=0
χk(pξ)φˆ(pξ).
Consequently, the low-pass filter m0(ξ) of this MRA is the following formula:
m0(ξ) = 1
q
q−1∑
χk(ξ) =
{
1, |ξ | q−1,
0, q−1 < |ξ | 1.k=0
532 H. Jiang et al. / J. Math. Anal. Appl. 294 (2004) 523–532According to Theorem 3, we need only find the integral-periodic functions ml(ξ) (l = 1,
. . . , q − 1) such that
M(ξ) = [ml1(pξ + pu(l2))]q−1l1,l2=0
is unitary. Set
mk(ξ) = 1√2q
(
χk(ξ) − χk−1(ξ)
)
, k = 1, . . . , q − 1,
then, it is easy to prove that M(ξ) is unitary. So, we derive from ψˆk(ξ) = mk(pξ)φˆ(pξ)
that wavelet functions ψk(x) (k = 1, . . . , q − 1) are
ψk(x)=
√
q
2
(
φ
(
p−1x − u(k))− φ(p−1x − u(k − 1))).
We call these wavelet functions the Haar type wavelets on local field K .
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